Wealth accumulation is built on the Solow growth model with Zhang's alternative approach to household behavior with endogenous time distribution between work time, leisure time and time of children fostering. Population dynamics is influenced by the Haavelmo and the Barro-Becker models. Environmental change is modelled on the basis of some growth models with environmental change. The two-sector model describes a complicated interdependence between population change, wealth accumulation, and environmental change with endogenous time distribution in a perfectly competitive market. We simulate the model to demonstrate existence of equilibrium points and motion of the dynamic system. We also examine effects of changes in some parameters on the motion of the economic system.
and the government.
The study is to integrate some approaches in the literature of neoclassical economic growth theory, theory of population and theory of environmental change with the approach of household by Zhang (1993) . A unique contribution of this paper is to model wealth, population and environment in a compact framework with microeconomic foundation.
Wealth accumulation is built on the Solow growth model. The neoclassical growth theory based on the Solow growth model. It is well-known that the Solow one-sector neoclassical growth model is the core model for the development of neoclassical growth (e.g., (Solow, 1956; Burmeister and Dobell, 1970; Azariadis, 1993; Barro, 1995; Zhang, 2005) ).
There are some extensions of the Solow model by including endogenous population or/and environment as reviewed late on, this study deviates from the previous studies by modelling birth rate choice and mortality rate and by the ways of how the variables interact with each other.
We model endogenous birth and mortality rates under the influence of some important models in the literature of economic growth with population. There are many studies on birth rate and mortality rate in the literature of economic growth and population dynamics. For instance, Galor and Weil (1996) examine how fertility is dependent on factors, such as changes in gender gap in wages. Quality-quantity trade-off on children are examined by, for instance, Galor and Weil (1999) and Doepke (2004) . Adsera (2005) considers the influence of labor market frictions. Hock and Weil (2012) take account of age structure. There are other formal models on determinants of fertility (Barro and Becker, 1989; Becker et al., 1990; Bosi and Seegmuller, 2012; Chu et al., 2013) . There are also many studies on economic growth and mortality rate (e.g., (Robinson and Srinivasan, 1997; Chakraborty, 2004; Hazan and Zoabi, 2006; Bhattacharya and Qiao, 2007; Lancia and Prarolo, 2012) Life expectancy is influenced by factors such as health care, human capital level and environment (e.g., (Schultz, 1993; 1998; Boucekkine et al., 2002; Cervellati and Sunde, 2005; Balestra and Dottori, 2012; Varvarigos and Zakaria, 2013) ). There are studies on mortality rate which take account of pension systems (e.g., (Cigno and Rosati, 1996; Wigger, 1999) ). There are also formal models on longevity, human capital and growth (e.g., (Kalemli-Ozcan et al., 2000; Echevarria and Iza, 2006; Heijdra and Romp, 2008; Ludwig and Vogel, 2009; Lee and Mason, 2010; Ludwig et al., 2012) ). This study assumes that birth is chosen by household's rational decision and mortality rate is related to disposable income, environment, population and environmental quality.
Endogenous population was introduced the traditional neoclassical growth theory long time ago (e.g., (Plouder, 1972; Forster, 1973) ). There are many formal models on interactions between environmental change and economic growth (for instance, (Pearson, 1994; Grossman, 1995; Copeland and Taylor, 2004; Stern, 2004; Brock and Taylor, 2006; Dasgupta et al., 2006; Kijima et al., 2010) ). The literature of empirical studies on relations between growth and environmental quality demonstrates different relations such as inverted U-shaped relationship, a U-shaped relationship, a monotonically increasing or monotonically decreasing relationship (Dinda, 2004; Managi, 2007; Tsurumi and Managi, 2010) . No single economic theory can explain the empirical phenomena. The complexity of relations between economic development and environmental quality implies the necessity that more comprehensive economic theories are needed.
The purpose of this study is to introduce endogenous environment into growth theory with endogenous population and wealth accumulation.
Time allocation between different activities is an important feature in our approach. Time is endogenous in the sense that time distribution has close interactions with other economic variables. Becker (1965) initiated formally modelling time distribution in theoretical economics. There is an immense body of empirical and theoretical literature on determinants of time distribution and relations between time distribution and economic development (e.g., (Greenwood and Hercowitz, 1991; Benhabib and Perli, 1994; Rupert et al., 1995; Ladrón-de-Guevara et al., 1997; Turnovsky, 1999; Campbell and Ludvigson, 2001) ). Nevertheless, there are a few theoretical economic growth models with endogenous environment and population which explicitly treat work time, leisure time, and children fostering as endogenous variables. This paper introduces endogenous time into the neoclassical growth theory with environment. This 79 © 2017 AESS Publications. All Rights Reserved.
paper integrates two recent papers by Zhang (2012; 2014) . The former study examines environment change and economic growth with time distribution between work and leisure time in the neoclassical growth theory, while the latter studies dynamic interactions between population and economic growth. This paper integrates the two models to examine dynamic interactions between wealth, environment and population with endogenous time distribution between leisure, work and children fostering. As mentioned late, our model is a synthesis of some well-known growth models. The remainder of the paper is organized as follows. Section 2 defines the economic model with endogenous capital accumulation, environmental change and population growth. Section 3 shows that the motion of the economic system is described by three differential equations and simulates the model. Section 4 carries out comparative dynamics analysis. Section 5 concludes the study. Following Zhang (2014) we consider that the economy consists of one production sector and one environmental sector. Exchanges take place in perfectly competitive markets. Except the assumption that environmental quality affects productivity, the production sector is similar to the standard one-sector growth model (Zhang, 2005) . We consider a single good and one kind of pollutants. There are different kinds of pollutants (e.g., (Repetto, 1987; Leighter, 1999; Nordhaus, 2000; Moslener and Requate, 2007) ). We neglect heterogeneity in goods and environment for simplifying analysis.
THE BASIC MODEL
Capital of the economy is owned by the households who distribute their incomes to consume the commodity, to foster children, and to save. The labor force is fully employed by the two sectors. The commodity is selected to serve as numeraire (whose price is normalized to 1), with all the other prices being measured relative to its price. Saving is undertaken only by households. All earnings of firms are distributed in the form of payments to factors of production. We assume a homogenous population at time  . 
where the parameter h is human capital. In this study we treat human capital fixed.
The Production Sector
Following Zhang (2012) we assume that environmental quality affects economic productivities (see also, (Gradus and Smulders, 1996; Grimaud, 1999; Ono, 2002) . We specify production function of the production sector as follows 
where k  is the fixed depreciation rate of physical capital and .
Consumer Behaviors
Consumers decide time distribution, consumption level of commodity, number of children, and amount of saving.
Different from the traditional approaches to household behavior, we use an alternative approach to household proposed by Zhang (1993) . Per capita wealth is denoted by  . 
where k  and w  are respectively the tax rates on the interest payment and wage income. We call   t y the current income in the sense that it comes from consumers' payment for efforts and consumers' current earnings from ownership of wealth. In Zhang's approach the disposable income   t ŷ is the sum of the current income plus the value of the wealth help by the household. That is
We use   t n and   t p b to represent the birth rate and the cost of birth. There are many factors which may influence costs of bringing up children. Following Zhang (2014) we assume that children will have the same level of wealth as that of the parent. Following this assumption, we have the following relation between cost and birth rate
It should the noted that the fertility choice model of Barro and Becker (1989) takes account of the cost of consumption goods by children. We assume that the time spent on children fostering is proportional to the birth rate. The relation between birth rate and parent's time on raising children is specified as follows
The specified function form implies that if the parents want more children, they spend more time on child caring.
Here, we neglect possible increasing return to scale in children caring. It should be noted that Tournemaine and Luangaram (2012) use the following technology of production of children:
parameters. If  then our approach is the same as the equation accepted by Tournemaine and Luangaram.
The household distributes the total available budget between saving,  , The budget constraint is
where c  is the tax rate on the consumption. We omit possible effects of consumers' awareness on environmental change. For instance, it is possible that consumers may affect environment and thus productivities by choosing more environmentfriendly goods.
The total available time is distributed between work, child fostering, and leisure pursuit. The family is faced with the following time constraint
where 0 T is the total available time for leisure, work and children caring. Substituting (7) into (6) 
The right-hand side is the "potential" income that the family can obtain by spending all the available time on work.
The left-hand side is the sum of the consumption cost, the saving, the opportunity cost of bearing children, and opportunity cost of leisure. Insert (5) 
The variable   t w is the opportunity cost of children fostering.
We now model how the household makes decision on the number of children. Following Barro and Becker (1989) who assume that the parents' utility is dependent on the number of children, we include birth rate into utility function (see also, Chu et al. (2013) ; Razin and Ben-Zion (1975) ; Yip and Zhang (1997) ). Rather than the traditional Ramsey approach, we use the utility function proposed by Zhang (1993) . We assume that the utility is dependent on  ,
 is called the propensity to consume, 0  the propensity to own wealth, 0  the propensity to use leisure time, 0  the propensity to have children, and 0  is the elasticity of environmental quality. The specified utility implies that utility is negatively related to pollution (see also (Balcao, 2001; Nakada, 2004) ). According to Munro (2009) "environmental economics has been slow to incorporate the full nature of the household into its analytical structures. …
[A]n accurate understanding household behavior is vital for environmental economics." The first-order condition of
The Birth and Mortality Rates and Population Dynamics
According to the definitions, the population change is given by
where   t d is the mortality rate. They consider mortality rate constant. In the Haavelmo model, the mortality rate is negatively related to per capita income (Haavelmo, 1954; Stutzer, 1980) . In this study we assume that the mortality rate is related to the disposable income, population and to level of pollutants in the following way
are parameters. We call  the mortality rate parameter. As in the Haavelmo model, an improvement in living conditions implies that people live longer. This implies a negative relation between the disposable income and mortality rate, that is,
takes account of possible influences of environmental quality on mortality. It is reasonable to assume that as environment is deteriorated, mortality rate tends to
We don't specify the sign of b as the population may be positively or negatively related to mortality rate.
Insert (10) and (12) 
The equation describes the population dynamics. For simplicity of analysis, this study does not describe the population change, we should also model the age structure. Like in most of the models in continuous time in the literature of economic growth and population change, for simplicity of analysis we don't deal with complicated issues related to the age structure in this stage of research.
Dynamics of Wealth Accumulation
According to the definition of  , t s the change in the household's wealth is given by
The equation simply states that the change in wealth is equal to saving minus dissaving.
Environmental Change
The environmental change is based on Zhang (2012) . We assume that dynamics of the stock of pollutants   t E are affected by production and consumption. We specify the dynamics of the stock of pollutants as follows E We assume that emission of pollutants during production processes is linearly positively proportional to the output level. The households creases c  units of waste in consuming one unit of the good (John and Pecchenino, 1994; John et al., 1995; Prieur, 2009 in Q e to reflect that that the purification rate of environment is positively related to capital and labor inputs.
The function ) (E e  means that the purification efficiency is related to the stock of pollutants.
The Behavior of the Environmental Sector
In this study we consider that the environmental sector is financially supported by the government. The sector decides the number of labor force and the level of capital employed. The government's tax revenue consists of the tax incomes on the production sector, consumption, wage income and wealth income. Hence, the government's income is given by
We assume that all the tax incomes are spent on environment. For simplicity, we assume that all the revenue of the government is spent on protecting environment. The environmental sector's budget is
According to Zhang (2014) the environmental sector employs labor and uses capital in such a way that the purification rate achieves its maximum under the given budget constraint. The sector's optimal problem is given by 
Full Employment of Production Factors
We use N t e ( ) and K t e ( ) to respectively stand for the labor force and capital stocks employed by the environmental sector. As full employment of labor and capital is assumed, we have
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Demand For and Supply of Goods
The national saving is the sum of the households' saving. As output of the capital goods sector is equal to the net savings and the depreciation of capital stock, we have
We have thus built the dynamic model. It should be noted that the model is general in the sense that the Solow model and the Haavelmo model can be considered as special cases of our model. Moreover, as our model is based on the some well-known mathematical models and includes some features which no other single theoretical model explains, we should be able to explain some interactions which other formal models fail to explain. We now examine dynamics of the model.
THE DYNAMICS AND ITS PROPERTIES
We built the growth model with endogenous wealth, population and environment. The model contains many variables and these variables are interrelated to each other in complicated ways. It is difficult to get analytical properties of the nonlinear differential equations. For illustration, we simulate the model to demonstrate how variables change over
We show that the dynamics can be expressed by a threedimensional differential equations system with  , 
Lemma
The dynamics of the economic system is governed by the three dimensional differential equations
Moreover, all the other variables are determined as functions of  , We have three nonlinear differential equations with three variables,  , 
We specify the other parameters as follows , 
The propensity to save is 6 . 0 and the propensity to consume goods is .
. 0
The propensity to have children is 2 . 0 and the propensity to have leisure time is lower than the propensity to have children. The technological parameters of the two sectors are specified at
The human capital level is . 6 The tax rates are all fixed at 5 percent. We specify initial conditions as follows
The simulation result is plotted in Figure 1 . The figure shows that both the birth rate and mortality rate are increased from their initial values. Nevertheless, the mortality rate rises faster than the birth rate. The population is consequently reduced. The total capital stock and total labor input fall over time. The output levels, labor and capital inputs of the two sectors are reduced. The wealth per household is reduced. As the household has less wealth and the wage rate falls, the opportunity cost of children fostering falls, although the household works more hours. The household spends more hours on work and children fostering, and spends less time on leisure. The environmental quality is deteriorated initially and then falls. The simulation demonstrates that the dynamic system approaches an equilibrium point. As the three eigenvalues are real and negative, the unique equilibrium point is stable. Hence, the system always approaches its equilibrium if it is not far from the equilibrium point. We can conduct comparative dynamic analysis near this equilibrium point.
COMPARATIVE DYNAMIC ANALYSIS IN SOME PARAMETERS BY SIMULATION
We have demonstrated how to follow the motion of the national economy over time from any state. It is imperative to examine effects of parameter changes on paths of economic growth. To present impact of changes in some parameters on dynamic processes of the system, we use a variable   t x  to stand for the change rate of the variable,  , t x in percentage due to changes in the parameter value.
The Propensity to have Children Enhanced
Modern economies offer great varieties of goods and services and makes different life styles possible. One of changes in modern societies is the propensity to have children. One may find many determinants of the propensity to have children.
Although we are not concerned why the propensity is shifted, we examine what will happen to the economic system if the propensity to have children is enhanced as follows: Consequently the total labor supply is increased. The household has less leisure time and spends more time on children fostering. The environment is deteriorated in association with rising population. The total capital is increased, even though wealth per household is lessened. The net impact of rising population and falling in wealth per household on the national capital is positive. The wage rate and opportunity cost of children fostering are lowered. The output levels, labor inputs, and capital inputs of the two sectors are all increased. The rate of interest is increased. The consumption level of goods is reduced. It should be noted that the model by Varvarigos and Zakaria (2013) predicts a fertility decline along the process of economic growth.
The two-period overlapping-generations model by Strulik (2008) predicts an inverted U-shape relationship between fertility and income. Acemoglu and Johnson (2007) try to analyze the impact of life expectancy on economic growth.
There is no evidence of a positive effect. It is also observed that there is a decline of the fertility rate alone the process of economic development (e.g., (Kirk, 1996; Ehrlich and Lui, 1997; Galor, 2012) ). Although this study accepts an analytical framework different from the traditional models, our analyses show that change directions of the birth rate and mortality rate are determined by different forces.
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Figure-2. The Propensity to Have Children Being Enhanced

A Rise in Human Capital
Relations between environmental and population growth have caused much attention in public as well as academic discussions. Although this study does not take account of endogenous human capital and education cost, we are interested in what will happen if human capital is improved as follows:
The simulation results are plotted in Figure 3 .
The time distribution is slightly affected by the change in human capital. The wage income w T h is increased, though the wage rate per qualified unit time w falls as the total capital stock is increased. The consumption levels of goods and wealth per household are enhanced in association in rise in the wage income. It is more expensive to have children in terms of opportunity cost of children fostering. Although the birth rate is slightly affected, the mortality rate is decreased. The net impact of almost invariant birth rate and reduced mortality rate increases the population.
The total labor force is augmented as the population is increased, human capital is improved, and the work time is almost not affected. The net impact of rising population (which tends to enhance rate of interest) and rising total capital stock (which tends to lower rate of interest) increases rate of interest. The output levels, labor inputs, and capital inputs of the two sectors are all increased. The environmental quality is deteriorated as the economic conditions are improved and the population is increased. 
Consumption Tax Being Enhanced
We now examine effects of changes in different taxes on economic growth and population change. It should be noted that all the tax income is spent on environmental improvement in this study and is not directly used for influencing population change. We consider the following change in the tax rate on consumption:
The simulation results are plotted in Figure 4 . The level of consumption is reduced. As more resource is spent on environmental improvement, the environmental quality is improved. More labor and capital inputs are employed by the environmental sector. The output of the environmental sector is increased. The work time is reduced and the leisure time is reduced. The time for children fostering is slightly affected. The birth rate is slightly increased and the mortality rate is decreased.
The net impact on birth and mortality rates increases the population. The total labor force is augmented. The wage income w T h and the wage rate per qualified unit time w are increased. The wealth per household is enhanced in association in fall in the level of consumption. It is more expensive to have children in terms of opportunity cost of children fostering as wealth per household and wage rate are increased. The national capital stock is augmented. The rate of interest is enhanced. The output level, labor input, and capital input of the production sector fall initially and rise in the long term.
Figure-4. Consumption Tax Being Enhanced
Tax Rate on Income from Interest of Wealth Being Enhanced
We examined the effects of a rise in consumption tax rate on economic growth and population change. We now study what will happen if consider the following change in the tax rate on consumption:
.
The simulation results are plotted in Figure 5 . The levels of wealth and consumption are increased initially but soon reduced. The time on children fostering and leisure time are reduced and the work time is increased. As more resource is spent on environmental improvement, the environmental quality is improved. More labor and capital inputs are employed by the environmental sector. The output of the environmental sector is increased. The birth rate is reduced and the mortality rate is slightly increased. The net impact on birth and mortality rates lessens the population. The total labor force is 89 © 2017 AESS Publications. All Rights Reserved.
decreased. The wage rate per qualified unit time w is lowered initially and augmented slightly in the long term. The opportunity cost of children fostering is reduced. The national capital stock is slightly increased and is soon reduced.
The rate of interest is enhanced. The output level, labor input, and capital input of the production sector fall. By comparing Figures 4 and 5 we conclude that changes in the tax rates on consumption and interest income have different effects on population growth and economic development. 
Tax Rate on the Production Sector's Output Being Augmented
We consider the following change in the tax rate on the production sector's output: The rate of interest is reduced initially and increased in the long term. We simulated effects of the following rise in the wage rate:
We do not list the results as the effects are similar to these due to the change in . 
Environment Having Stronger Impact on Productivity of the Production Sector
We examine what will happen when environment has stronger impact on productivity of the production sector as follows:
The simulation results are plotted in Figure 7 . As the productivity falls, the output level, labor input, and capital input of the production sector fall. As more resource is spent on environmental improvement, the economy experiences environmental improvement. The environmental sector employs more labor and capital inputs. The output of the environmental sector is consequently augmented increased. The work time is reduced and the leisure time is reduced. The time for children fostering is slightly affected. The level of consumption is reduced. The birth rate is reduced and the mortality rate is increased slightly. The net impact on birth and mortality rates reduces the population.
The total labor force is lowered. The wage income w T h and the wage rate per qualified unit time w are reduced. The wealth per household is. It is less expensive to have children in terms of opportunity cost of children fostering. The national capital stock is reduced. The rate of interest is reduced initially and increased in the long term. It should be noted that the effects are similar to the effects caused by the rise in the tax rate on the production sector. 
A Stronger Impact of Environment on the Mortality Rate
We consider that environmental change affects mortality. We are now concerned with what will happen if environment has stronger impact on mortality rate as follows:
The simulation results are plotted in Figure   8 . The mortality rate is increased. The birth rate is almost not affected. The population is reduced. The time distribution is slightly affected. The total labor supply is increased. The wage income w T h and the wage rate per qualified unit time w are increased. The consumption levels of goods and wealth per household are enhanced in association in rise in the wage income. It is more expensive to have children in terms of opportunity cost of children fostering. The total labor force is augmented. The net impact of rising population and rising total capital stock lowers rate of interest. The output levels, labor inputs, and capital inputs of the two sectors are all increased. The environmental quality is improved as the population is reduced. 
CONCLUDING REMARKS
This study examined dynamic interactions among population growth, wealth accumulation, and environmental dynamics with endogenous time distribution among work, leisure and children fostering. We built a model on the basis of some well-known models within a compact framework. The wealth accumulation and economic production were built on the Solow growth model. We introduced the dynamics of birth and mortality rates under the influence of the Haavelmo population model and the Barro-Becker fertility choice model. The environmental dynamics was modelled on the basis of some well-known neoclassical growth models with environmental change. We modelled the time distribution between work time, leisure time and time of children fostering with an alternative approach to household by Zhang. The study succeeded in synthesizing different economic forces in a compact framework mainly because we applied the approach by Zhang. We showed that the motion of the economic system is described by three nonlinear differential equations. As dynamic analysis of the nonlinear system is too complicated, we simulated the model. We plotted the motion of the system and demonstrated the existence of an equilibrium point. We studied the effects of changes on the motion of the economic system in the propensity to have children, the tax rates, and the strength of impact by environment on mortality rate. The simulation demonstrates some dynamic interactions among the variables which can be predicted neither by the neoclassical growth theory nor by the traditional economic models of environmental change because our model provides an analytical framework for analyzing interactions among multiple variables. As the model is based on the basic ideas in some economic theories and each of these theories has a huge amount of literature, it is straightforward to extend the model on the basis of the literature. For instance, we may introduce multiple capital and education into the model. It is imperative to study family structure and economic structure for understanding relations © 2017 AESS Publications. All Rights Reserved. among growth, environmental change and population growth (see, for instance, (Dinda, 2004; Hamilton and Zilberman, 2006) ).
Appendix: Proving Lemma 1
We now confirm the three-dimensional differential equations in lemma. From (3) 
where we also use (A1). We thus determine , r and w as functions of z and .
From (1) and (12) 
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